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Abstract 

A graph G on n vertices is Hamiltonian if it contains a spanning cycle, and pan- 



, cyclic if it contains cycles of all lengths from 3 to n. In 1984, Fan presented a degree 

condition involving every pair of vertices at distance two for a graph to be Hamiltonian. 
Motivated by Fan's result, we say that an induced subgraph H of G is /i-heavy if for 
■ every pair of vertices u,v G V(H), <1h(u,v) = 2 implies max{d(u), d(v)} > (n + l)/2. 

4 For a given graph * G , ca M ^ «^ h lc h,«„ subgraph of G isomorphic 

to R is /i-heavy. For a family 1Z of graphs, G is called T^-Ji-heavy if G is i?-/i-hcavy 
for every R G TZ. In this paper we prove that every 2-connectcd {K13, .-^-/i-heavy 
graph is pancyclic or a cycle. Our result extends a previous theorem due to Gould 
. and Jacobson on pancyclicity of 2-connected graphs. 
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1 Introduction 



^ | We use Bondy and Murty [7] for terminology and notation not denned here and consider 

5—( < 

Ctf . simple graphs only. 

Let G be a graph, H a subgraph and v a vertex of G. We use Nh(v) to denote the 
set, and djj(v) the number, of neighbors of v in H, respectively. We call dn{v) the degree 
of v in H. For x,y £ V(G), an (x,y)-path is a path P connecting x and y; the vertex x 
will be called the origin and y the terminus of P. If x,y G V(H), the distance between 
x and y in P, denoted by dn(x,y), is the length of a shortest (x,y)-path in H. When 
no confusion occurs, we use N(v), d(v) and d(x,y) instead of Ng(v), dc(v) and dc(x,y), 
respectively. 
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Zi B (Bull) N (Net) W (Wounded) 



Figure 1: Graphs Pi, C 3 , Z h B, N and W 

Let G be a graph on n vertices. If a subgraph H of G contains any edge xy € E{G) 
with x,y € ^(if), then if is called an induced subgraph of G. For a given graph i?, G is 
called R-free if G contains no induced subgraphs isomorphic to R, and R-fi-heavy if for 
every induced subgraph H of G isomorphic to i? and every pair of vertices u,v € V(if), 
dn(u,v) = 2 implies that max{<i(ii), ci(t> )} > (re + i)/2. For a family 7£ of graphs, G is 
called IZ-free (IZ-fi-heavy) if G is i?-free (i?-/j-heavy) for any R £lZ. In particular, similar 
as in [16], we use R- /-heavy (7£- /-heavy) instead of ii-/o-heavy (7£-/o-heavy) when i = 0. 
Note that every 7£- free graph is also 7£-/i-heavy (1Z- /-heavy). 

A graph G on n vertices is said to be Hamiltonian if it contains a Hamilton cycle (a 
cycle containing all vertices of G), and G is called pancyclic if G contains cycles of all 
lengths from 3 to re. Bedrossian [2] completely characterized all the pairs of forbidden 
subgraphs for a 2-connected graph to be Hamiltonian and to be pancyclic. 

Theorem 1 (Bedrossian [2]). Let R and S be connected graphs with R,S^P-s and let G 
be a 2-connected graph. Then G being {R, S}-free implies G is Hamiltonian if and only if 
(up to symmetry) R = K\ ^ and S = P4, P$, Pq, G3, Zi, Z2, B, N or W (see Figure{l\). 

Theorem 2 (Bedrossian [2]). Let R and S be connected graphs with R,S^P^ and let 
G be a 2-connected graph which is not a cycle. Then G being {R, S}-free implies G is 
pancyclic if and only if (up to symmetry) R = K13 and S = P4, P5, Z\ or Z2. 

In 1984, Fan [5j presented a degree condition (so-called Fan's condition) involving every 
pair of vertices at distance two for a graph to be Hamiltonian. Obviously, Fan's condition 
is equivalent to: Every 2-connected P3-/-heavy graph is Hamiltonian. It is not difficult 
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Figure 2: The Graph F± r 



to see that P3 is the only connected graph S (other than Pi and P2) such that every 
2-connected S-f -heavy graph is Hamiltonian. For details, see [9j Theorem 9]. 

Theorem 3 (Fan [8]). Let G be a 2-connected graph. Ifm&x{d(u), d(v)} > n/2 for every 
pair of vertices u, v such that d(u, v) = 2, then G is Hamiltonian. 

Recall that every TZ-iiee graph is also 7^- /-heavy. By restricting Fan's condition to 
some induced subgraphs of 2-connected graphs, Ning and Zhang [IB] extended Theorem 

m 

Theorem 4 (Ning and Zhang [16] ) . Let R and S be connected graphs with R,S^Ps and 
let G be a 2-connected graph. Then G being {R, S}-f -heavy implies G is Hamiltonian if 
and only if (up to symmetry) R = and S = P4, P5, Pq, Z\, Z%, B, N or W . 

A natural problem is to find Fan-type heavy subgraph conditions which extend Theo- 
rem [2J Notice that the bipartite graph -f^ n /2,n/2 i s -fV/-h eav y but not pancyclic. Hence, 
for any family TL of graphs, K n /2 >n /2 is %-/-heavy but not pancyclic. To forbid some coun- 
terexamples, such as K n j2. n /2i we have to impose a slightly stronger degree condition. In 
fact, with the aid of the following theorem due to Benhocine and Wojda, we can see that 
every 2-connected P3-/i-heavy graph is pancyclic. It is not difficult to see that P3 is the 
only connected graph S (other than Pi and Pj) such that every 2-connected 5-/i-heavy 
is pancyclic. For details, see [9j Theorem 13]. 

Theorem 5 (Benhocine and Wojda [1]). Let G be a 2-connected graph on n vertices. If 
G is P^-f -heavy, then G is either pancyclic, ^ n /2,n/2; Kn/2,n/2 ~ e > or the graph F± r (see 
Fig. 2). 

In [3], Bedrossian et al. proved the following result. 
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Theorem 6 (Bedrossian, Chen and Schelp [5J)- Let G be a 2-connected graph on n vertices. 
If G is {-K"i,3, Z\}-f -heavy, then G is either pancyclic, a cycle, K n /2, n /2> Kn/2,n/2 ~ e > or 
the graph F± r . 

As a corollary, we can get 

Theorem 7. Let G be a 2-connected graph which is not a cycle. If G is {K± 3, Z\}-f\- 
heavy, then G is pancyclic. 

In this paper we obtain the following result, which extends Theorem due to Gould 
and Jacobson. 

Theorem 8. Let G be a 2-connected graph which is not a cycle. If G is {if 1,3, Z%\-f\- 
heavy, then G is pancyclic. 

Theorem 9 (Gould and Jacobson [H|). Let G be a 2-connected graph which is not a 
cycle. If G is {Ki^, Z^-free, then G is pancyclic. 

As a corollary of Theorem [SJ we have 

Theorem 10. Let G be a 2-connected graph which is not a cycle. If G is {-K"i,3, P±\-f\- 
heavy, then G is pancyclic. 

In Section [2j we will give additional terminology and list some useful lemmas. The 
proof of Theorem [8] will be postponed to Section [3l In the last section, some concluding 
remarks are given. 

2 Preliminaries 

In this section, we first introduce some additional terminology and notation and then 
present four lemmas which will be used in our proof of the theorem. 

Let G be a graph and S be a subset of of V(G). We use G[S] to denote the subgraph 
of G induced by S and G — S to denote G[V(G)\S]. In particular, if S = {u}, then we use 
G — u instead of G — {u}. If S = {xi : 1 < i < 5} and G[S] is isomorphic to Z2, then we 
say that {x±, X2, £3; x<i, x§} induces a Z2, where x\X2X^x\ is a triangle and x\ is the vertex 
of degree 3 in G[S}. If S = {x{ : 1 < i < 4} and G[S] is isomorphic to ^1,3, then we say 
that {x±; X2, X3, X4} induces a claw, where x\ is the center (the vertex of degree 3 in 
When there is no danger of ambiguity, we use claw-/i-heavy instead of ifi^-Ji-heavy in 
the following. 

Let k,l (k < I) be two integers. We say that G contains a k-cycle if G contains a cycle 
of length k, and G contains [k, I]- cycles if G contains cycles of all lengths from k to I. 
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A vertex v of a graph G on n vertices is called heavy if d(u) > n/2, and super-heavy if 
> (n + 1)/2. For two vertices u, v of G, {u, v} is called a heavy-pair if + > n 
and a super-heavy pair if d(ti) + d(i>) > n + 1. 

The importance of the existence of heavy vertices for pancyclicity of graphs is demon- 
strated by the following lemma. 

Lemma 1 (Benhocine and Wojda [1]). Let G be a graph on n > 4 vertices and C be a 
cycle of length n — 1 in G. If there exists a vertex x £ V(G)\V(C) such that d(x) > n/2, 
then G is pancyclic. 

The next three lemmas show the connections between the existence of heavy pairs or 
super-heavy pairs with small distance in a Hamilton cycle and pancycilcity of graphs. 

Lemma 2 (Bondy [!)])• Let G be a graph on n vertices with a Hamilton cycle C . If there 
exist two vertices x,y £ V(G) such that dc(x,y) = 1 and d(x) + d(y) > n + 1, then G is 
pancyclic. 

Lemma 3 (Hakimi and Schmeichel [18]). Let G be a graph on n vertices with a Hamilton 
cycle C . If there exist two vertices x, y £ V(G) such that dc(x, y) = 1 and d(x) + d{y) > n, 
then G is either pancyclic, bipartite, or missing only (n — 1)- cycles. 

Lemma 4 (Ferrara, Jacobson and Harris [H3]). Let G be a graph on n vertices with a 
Hamilton cycle C. If there exist two vertices x,y £ V(G) such that dc(x,y) = 2 and 
d{x) + d(y) > n + 1, then G is pancyclic. 

3 Proof of Theorem [8] 

We prove the theorem by contradiction. Suppose that G satisfies the condition of Theorem 
[8] but is not pancyclic. Since the result is easy to verify for 3 < n < 5, we assume that 
n > 6. 

If G is {-Ki,3, /i^j-free, then by Theorem [9l G is pancyclic, a contradicton. Thus we 
assume that G contains an induced claw or an induced Z<i. Therefore, there is a super- 
heavy vertex, say u £ V(G). Set G' = G — u. Since G is {ifi,3, ^j-Ji-heavy, G' is 
{-^1,3, Z2}- /-heavy. If G' is 2-connected, then by Theorem [H G' is Hamiltonian. Hence 
G is pancyclic by Lemma HJ a contradiction. Now, it will be assumed that G' is not 
2-connected. Then there exists a vertex v £ V{G) (v 7^ u) such that G — {u, v} is not 
connected. By Theorem^ G is Hamiltonian. Hence G — {u, v} consists of two components 
Hi and Hi- Without loss of generality, we assume that |V(i2"i)| < |V(i?2)|) where V{H\) = 
{x 1 ,x 2 ,...,x hl } and V(H 2 ) = {yi,V2, ■ ■ ■ ,Vh 2 }- Let c = uyi ■ ■ ■ y h2 vx hl ■ ■ ■ xiu be a 
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Hamilton cycle with the given orientation. In the following, for any two vertices W\,W2 G 
V(C), we use C[wi,W2] to denote the segment of G from w\ to along the orientation. 
Set Gi = G[V(Hx) U {u}} and G 2 = G[V{H 2 ) U {u}]. 

Claim 1. There are no super-heavy vertices in H\. 

Proof. For any vertex x G V(i?i), x is adjacent to at most u,v and all the vertices in H\ 
except for itself. Therefore, d(x) < djji (x) + 2 <h± — 1 + 2 < n/2. Hence -Hi contains no 
super-heavy vertices. □ 

Claim 2. JV Ga («)\{yi}CJV(yi). 

Proof. If there exists a vertex yi G ^Vg 2 ( u )\{2/i} such that y^yi ^ E(G), then {it; xi, yi, yi} 
induces a claw. By Claim 1, xi is not super- heavy. Since G is claw- f\ -heavy, yi is super- 
heavy. Hence {u, yi} is a super-heavy pair such that dc{u,y\) = 1. By Lemma [21 G is 
pancyclic, a contradiction. □ 

Claim 3. There are no super-heavy pairs with distance one or two along the orientation 
of a Hamilton cycle in G. 

Proof. Suppose not. By Lemma [2] or HI G is pancyclic, a contradiction. □ 

Case 1. hi = 1. 

Case 1.1. uv G E(GQ. 

It u is adjacent to any other vertex in C, then G is pancyclic, a contradiction. Now 
we can choose a vertex yi G Nh 2 { u ) such that uy^± ^ E{G). Let y,- be the first vertex on 
C[yj,y/i 2 ] such that uyj + \ G E(G), where assume that y^ 2 +i = v. Obviously, j > i + 1. 

Claim 4. i > 2. 

Proof. Assume that y, = yi. Then we have uy% £ E{G) by the choice of yi. By Claim 
El we have iV G2 (n)\{yi} C N(y x ). Since > (n + l)/2 and n,y 2 G iV(yi) \ iV(u), 
rf(yi) > d{u) — 3 + 2 > (n — 1)/2. Therefore, {u, yi} is a heavy-pair such that dc(u, yi) = 1. 
By Lemma O G is either pancyclic, bipartite, or missing only (n — l)-cycles. Since G 
contains [n — l,n]-cycles, G is neither bipartite nor missing (n — l)-cycles. Hence G is 
pancyclic, a contradiction. □ 

Next we assume that i < h 2 — 2. Note that yj, y^+i, yi+2 G G[y2,y/i 2 ]. 

Claim 5. j > i + 2. 



G 



Proof. Assume that j = i + 1. First, we have uyi,uyi + 2 € E(G) and uyi + \ £ E(G). 

If yiVi+2 £ E(G), then {u; xi, 2/j, 2/1+2} induces a claw. Since d(x±) = 2 < (n + l)/2 
and G is claw-/i-heavy, {2/1,2/4+2} is a super-heavy pair such that dc(yi,yi+2) = 2, which 
contradicts to Claim 

Now assume that 2/^2/1+2 £ E(G). If 2/i2/i+i £ E(G), then it follows from Claim [2] 
that c£(yi) > (n — l)/2 . Hence {u, 2/1} is a heavy pair such that dc(u,yi) = 1, and 
Cr is either pancyclic, bipartite or missing (n — l)-cycles by Lemma [3j Since C = 
uxivyh 2 ■ ■ ■ Vi+2TJi ■ ■ ■ Viu is an (n — l)-cycle and C is an n-cycle, G is pancyclic, a contradic- 
tion. If yiyi+i £ E(G), then we set G' = G - yi. Clearly, C = uxivy h2 ■ ■ ■ yi+2Vi ■■■Viu is 
an Hamilton cycle in G' . Furthermore, u, y\ satisfy that d(ji (u) + d@i (y±) = d(u) + d(yx) > 
(n+l)/2 + (n — 3)/2 = n — 1 = \G'\ and dc(u,yi) = 1- By LemmaO G' is either pancyclic, 
bipartite or missing (n — 2)-cycles. Since C" = uvyh 2 ■ ■ ■ Vi+iVi ■ ■ ■ Uiu is an (n — 2)-cycle 
and C is an (n — l)-cycle in G', G' is pancyclic. Together with the cycle C, G is pancyclic, 
a contradiction. □ 

By Claim [5l we obtain m/i+2 ^ E(G). 
Claim 6. vy i+1 E E(G). 
Proof. Assume that vyi + \ £ E(G). 
Claim 6.1. vy i+2 £ E{G). 

Proof. Assume that vyi + 2 G E(G). Then {v, x±,u; 2/1+2, 2/i+i} induces a Z2. If v is a super- 
heavy vertex, then {u, v} is a super-heavy pair such that dc(u,v) = 2, contradicting to 
Claim [3j Now assume that v is not super- heavy. Note that x\ is not super-heavy. Since G 
is Z2-/i-heavy, {2/j+i, j/j+2} is a super-heavy pair such that dc(yi,yi+i) = 1, contradicting 
to Claim El □ 

Claim 6.2. vy; £ E{G). 

Proof. Assume that vyi € E(G). By Claim [67TT we have t>2/j+2 ^ E(G). Note that uj/j+i ^ 
E(G) by the initial hypothesis. If 2/i2/i+2 £ E(G), then {yj, u, u; 2/i+i, 2/4+2} induces a Z2. 
Since u is not super-heavy, 2/i+i is super-heavy. Hence either {2/i+i, 2/1+2} or {2/2+1, 2/i} is a 
super-heavy pair, a contradiction by ClaimO If 2/?2/?+2 S E(G), then {j/j, ?/j+i, 2/1+2! ^ ^1} 
induces a Z2. Since u is not super-heavy, {2/1+1,2/1+2} is a super-heavy pair such that 
dc(yi,yi+i) = 1, a contradiction by Claim [3j □ 

Claim 6.3. 2/i is super-heavy. 
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Proof. By Claims HT21 and the initial hypothesis, we have vyi £ E{G) and £ E(G). 

Since {u, v, x\\ yi, 2/i+i} induces a Z2 and x\ is not super-heavy, yi is super-heavy. □ 

By Claim [31 we have i > 2, and this implies y%—\ is well-defined. 
Claim 6.4. yi-iy i+ i £ E(G), uy^i G E(G), yiy i+ 2 £ E(G) and 2/i-i2/i+2 £ E(G). 

Proof. By Claim HT3l ?/i is super-heavy. If ?/j_i2/i+i G E(G), then G is pancyclic by Lemma 
Q3 a contradiction. 

If m/j-i £ E(G), then {2/3 ; 2/i-i, yi+i, u} induces a claw. Hence either yi-\ or j/j+i 
is super-heavy. Therefore, either or {2/1,2/1+1} is a super-heavy pair such that 

dc(yi-i,Vi) = dc(yi,y i+ i) = 1, a contradiction by Claim El 

If e E{G) and 2/i2/i+i ^ #(G), then set G' = G-y i+1 . Now C = vxxuyx . . . yiy i+2 

...yh 2 v is a Hamilton cycle in G', and dc(u) + d@/(yi) > re — 1 = \G'\ by Claim 2. 
By Lemma El G' is either pancyclic, bipartite, or missing only (n — 2)-cycles. Since 
C = vxiuyi ■ ■ ■ yiyi+2 ■ ■ ■ Vh 2 v is an (re - l)-cycle and C" = vuyi ■ ■ ■ yiyt+2 ■ ■ ■ yh 2 v is 
an (n — 2)-cycle in G' , G' is pancyclic. Therefore, G is pancyclic, a contradiction. If 
ViVi+2 G E(G) and 2/i2/i+l G #(G), then G' = uynji-i ■ ■ ■ 2/i2/i+l ■ ■ ■ yh 2 vxiu is a Hamilton 
cycle in G. By Claim I6T31 yi is super- heavy. Hence {u, yi} is a super-heavy pair such that 
dc'(u,yi)=l, a contradiction by Claim El 

If yi^m+2 G #(G), then set G' = G - y i+1 . Now C = uy 1 ... y^Wi+2 ■ ■ ■ yh 2 vx\u is 
a Hamilton cycle in G" = G' - y { and d^fo/i) > (n - l)/2 = |G'|/2. By Lemma[H G' is 
pancyclic. Together with the cycle G, G is pancyclic, a contradiction. □ 

By Claim l6~il {j/i, u, 2/i-i! 2/i+ij 2/1+2} induces a Z2. Since G is Z2-/i-heavy, either j/j-i 
or yi + i is super-heavy. Then either {yi-i,yi} or {2/1+1,2/1} is a super-heavy pair such that 
dc(yi-i,yi) = dc(yi+i,yi) = 1- By Claim El a contradiction. □ 

Claim 7. For any G {i + 1, • • • , j}, vy k G E(G). 

Proof. By Claim [6J we have «2/i+i £ E(G). Now we will show that vyk G E(G) for any 
G {i + 2, • • • ,j}. Otherwise, assume that yt is the first vertex on G [2/1+2,2/7] such that 
i>2/t ^ -E(G). Note that for any k G {i + l, ■ ■ ■ , j}, uy k £ E(G). We have uy t -i, uy t £ E(G). 
Then {v, x±,u; yt-i,yt} induces a Z2. Since aci, v are not super-heavy, {2/t-i, yt} is a super- 
heavy pair such that dc(yt-i,Vt) = 1- By ClaimEJ a contradiction. □ 

For any vertex y G {2/2, 2/3 ! ' ' ' ,2/^2-2} such that uj/ ^ E(G), we have m/ G i£(G) by 
Claim E Hence dc^^^u) + d C { yi , yh2 _ 2 \(v) > h 2 - 2. If uj/^-i G £"(G) or vy h2 -i G 
E'(G) or uyh 2 G E(G), then dH 2 {v) + dn 2 {v) > hi = n — 3. This implies that + > 
n + 1. By Claim O a contradiction. Otherwise, assume that uyh 2 -i,uyh 2 £ E{G) and 
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vy h2 _x £ E(G). Then {v, xi, u; y h2 , y h2 -i} induces a Z 2 . It follows that {yh 2 ,Vh 2 -i} is a 
super-heavy pair such that dc(yh 2 -i,Uh 2 ) = 1) contradicting to Claim [3l 

Case 1.2. uv $ E(G). 

By Claim [21 Na 2 (u)\{yi} C N(yi). If U2/2 ^ E(G), then since u is super-heavy and 
^;2/2 € N(yi)\N(u), y\ is super-heavy. Hence {u,yi} is a super-heavy pair such that 
dc(u,yi) = 1, a contradiction by ClaimO If uy 2 £ E(G), then we have d(yi) > (n — l)/2 
and is a heavy-pair such that dc(u,yi) = 1. By Lemma [3l G is either pancyclic, 

bipartite, or missing only (n — l)-cycles. Since C = ux\vyh 2 , ■ ■ ■ ,y2U is an (n — l)-cycle 
and C is an n-cycle in G, G is pancyclic, a contradiction. 

Case 2. hi > 2. 

Case 2.1. Gi contains a n-triangle. 

Without loss of generality, we denote a n-triangle in G\ by ua;ia;2ii. 

Case 2.1.1. u is not adjacent to every vertex of H 2 . 

Let yi € ^(^2) be the vertex such that uyi ^ E(G) and i is as small as possible. Note 
that 2 < i < h 2 . 

If i = 2, then {n, xi, X2; 2/1,2/2} induces a Z2. Note that xi is not super-heavy. Since G is 
^2-/1 -heavy, 2/1 is super-heavy. Hence {u, 2/1} is a super-heavy pair such that dc(u, y±) = 1, 
a contradiction by Claim [3l 

If i = h 2 , then u is adjacent to every vertex of H 2 other than 2//i 2 - If there exists 
t € {1, 2, . . . , hi} such that ux t € -E'(G') and uxt+i ^ E(G), then {u, 2/1, 2/2; ^t, ^t+i} 
induces a Z2. Note that xt is not super- heavy. Since G is Z2- /i-heavy, 2/1 is super- heavy. 
Hence {n, 2/1} is a super-heavy pair such that dc(u,yi) = 1, contradicting to Claim [3l 
Otherwise, u is adjacent to every vertex of Hi. Note that C = uxi ■ ■ ■ xiu is an (i + 1)- 
cycle, where 2 < i < h\. Therefore, G contains [3, hi + l]-cycles. Similarly, since u is 
adjacent to every vertex of H 2 other than y^ 2 , G contains [hi + 4, n]-cycles. Furthermore, 
C = 11x2 ■ ■■ x hl vy h2 y h2 -iu is an (hi + 3)-cycle. If hi > 3, then C = ux 3 ■ ■ ■ x hl vy h2 y h2 _iu 
is an (hi + 2)-cycle, and G is pancyclic, a contradiction. If hi = 2 and h 2 > 4, then we 
can easily find a 4-cycle in G, and G is pancyclic, a contradiction. If hi = 2 and h 2 = 2 
or 3, then n = 6 or 7. In the two cases, the result is easy to verify. 

Now we suppose that 3 < i < h 2 — 1 and will get a contradiction. Note that 
{u, xi, x 2 ; 2/i-i, yi} induces a Z 2 . By Claim [TJ xi is not super-heavy. Since G is Z 2 - 
/i-heavy, 2/i-i is super-heavy. If there exists a vertex of Hi, say 2^, such that uxj ^ 
E(G), then without loss of generality, we choose the index j as small as possible. Then 
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{u, yi-2iVi-\\ Xj-i,Xj} induces a Zi. It follows that yi-2 is super-heavy. Hence {yi-2, Vi-i} 
is a super-heavy pair dc(yi-2,yi-i) = L contradicting to ClaiuO Therefore, u is adja- 
cent to every vertex of H\. If there exists yt G Nh 2 (u) such that ykyi-2 ^ E(G) and 
yk 7^ 2/i-2, then {u; x\, y^, yi-2} induces a claw. Since G is claw-/i-heavy and x\ is not 
super-heavy, y%-2 is super-heavy. Therefore, {yi^2,yi-i} is a super-heavy pair such that 
dc(yi-2,yi-i) = 1, a contradiction by Claim [3l Otherwise, Nq 2 (it)\{?/i_2} C N(y^2)- If 
u« G £(G), then we set G' = G - Noting that JV(u) U {u}\(V(-Hi) U {u,yi- 2 }) C 

N(yi_2), w e have d{yi-2) = d(u) + l — h\ — 2 > (n + l)/2 — /ii — 1. Furthermore, we obtain 
d&(yi-2) + da'{yi~i) = d(yi- 2 ) + ^(yi-i) >n-h\ = \G'\. Let C" = uuy/^ • • -yiu. Then 
C" is a Hamilton cycle in G' and dc>(yi-2,yi-i) = 1- By Lemma O G' is either pancyclic, 
bipartite, or missing only (\G'\ — l)-cycles. Note that G contains the cycle C of length 
\G'\ and the cycle G" = uvyh 2 ■ ■ ■ 2/2^ of length \G'\ — 1. Hence G' is pancyclic, and this 
implies that G contains [3, |G'|]-cycles. Noting that u is adjacent to every vertex of Hi, G 
contains [|G'| + l,n]-cycles. Hence G is pancyclic, a contradiction. If uv ^ E(G), then we 
set G' = G — V(Hi)\{x hl ). Now we have d(yi_ 2 ) = d(u) - hi - 1 + 1 > (n + l)/2 - /ii. 
And we obtain dc{yi-2) + ^G'(yi-i) = ^(2/1-2) + ^(2/1-1) > n + 1 — /ti = |G'|. Similarly, 
we can prove that G is pancyclic, a contradiction. 

Case 2.1.2. u is adjacent to every vertex of fljj- 

Note that uy±y2U is a u-triangle. If there exists a vertex xt € V(iifi) such that uxt G 
-E'(G) and itxj+i ^ E{G), then {tt, yi, 7/2; ^t, 2^+1} induces a Z2. This implies that y\ is 
super-heavy. Hence {u,y±} is a super-heavy pair such that dc(u,yi) = 1, a contradiction 
by Claim [3J If u is adjacent to every vertex in H±, then u is adjacent to all vertices 
of V(G)\{u,v}. This implies that d(u) > n — 2, and d(u) + > n. By Lemma El 

G is either pancyclic, bipartite, or missing only (n — l)-cycles. Since u is adjacnet to 
every vertex in H2, G is neither bipartite nor missing (n — l)-cycles. It follows that G is 
pancyclic, a contradiction. 

Case 2.2. G\ contains no it-triangles. 

We first show that Ng 1 (u) = {x±}. Suppose not. If there is a vertex x G Nq 1 (u) such 
that x 7^ xi, then since Gi contains no it-triangles, we have xx\ ^ E(G). Now {it; x, x\, yi} 
induces a claw. It follows that either 1 or xi is super-heavy, which contradicts to Claim 

m 

If there exist two secutive vertices, say yi,yi + i G F(i7 2 ), such that uyi,uyi + i G E(G), 
then {u, yi, yi+i; x±, X2] induce a Z<i- Hence {yi,yi + i} is a super- heavy pair such that 
dc(yi,yi+i) = 1, a contradiction by Claim [3l 
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Now we assume that for any y» € V(#2) \ {Vh 2 }^ \{ u Vi-, ^2/i+i} fl E(G)\ = 1. This 
implies that u is adjacent to only one vertex x\ in H\ and at most (h\ + l)/2 vertices in 
H2 and maybe adjacent to v or not. Hence we have (n + l)/2 < ci(u) < 1 + 1 + (/12 + 1) /2- 
This implies that h 2 > n — 4. Noting that /i 2 = n — 2 — h\ < n — 2 — 2 = n — 4, we have 
/12 = n — 4, /ii = 2, tit; € -E'(G) and Ag 2 (u) = {2/2/c+i : k = 0, 1, . . . , (n — 5)/2}, where n is 
odd. 

If 2/12/3 ^ E(G), then {it; £1, 2/1, 2/3} induces a claw. Since G is claw- /1 -heavy, {2/1,2/3} 
is a super- heavy pair such that dc (2/1,2/3) = 2. By Claim [3J a contradiction. 

If 2/12/3 G -E'(G), then {it, 2/1, y 3 ; xi, x 2 } induces a Z 2 . Since G is Z 2 -/i-heavy, {2/1,2/3} 
is a super-heavy pair such that dcivuVs) = 2. By Claim [31 also a contradiction. 

The proof is complete. □ 

4 Concluding remarks and future works 

One may seek for a complete extension of Theorem [2] under Fan-type heavy subgraph 
conditions. In fact, we have already solved this problem by the technique similar as in 
|14j . The proofs is completely different from the one here and very complicated. One of 
our main techniques here is to use Lemma [3l It has been proved to be a very powerful 
tool for proving results about pancyclicity of graphs. We refer readers to [TJ [10j H21 [T7] . 
For the case that the Fan- type heavy subgraph pair is {-^1,3, P5}, we do not know whether 
there exists a short proof with the help of Lemmas [3] and H] or not. 

Most of researches on pancyclicity of graphs are considerable influenced by the following 
'metaconjecture' due to Bondy [6]. 

Metaconjecture. Almost any non-trivial condition on a graph which implies that the 
graph is Hamiltonian also implies that the graph is pancyclic. (There may be a simple 
family of exceptional graphs.) 

Motivated by Bondy's metaconjecture, it is natural to pose this problem: To charac- 
terize all the 2-connected graphs which are {-^1,3, Z2}-/-heavy but are neither pancyclic 
nor a cycle. Obviously, -ftT n /2,n/2i Kn/2,n/2 ~ e an d F^ r are three nontrivial exceptional 
graphs. 

Recently, by restricting Ore-type degree conditions to some induced subgraphs of 
graphs, Li et al. [T5] have proved some results dealing with Hamiltonian proper- 
ties. For details, see [13]. One can also study the similar problems posed in [13] under 
Fan-type heavy subgraph conditions. 

All these ideas above may stimulate the further studies on Hamiltonian properties of 
graphs. 
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